We investigate elastic scattering of positrons by hydrogen atoms and helium ions using a time-dependent coupled-channel ͑TDCC͒ method. Phase shifts are calculated with the time-energy Fourier transform of a wave packet. Numerical accuracy of the TDCC method is demonstrated for S-, P-, and D-wave scatterings by hydrogen atoms. For helium ions, we examine the low-lying S-wave resonances with a broad width recently predicted in variational eigenenergy calculations. However, resonancelike behaviors are not discernible in the S-wave phase shift for the ground-state target.
I. INTRODUCTION
Recently, a time-dependent coupled-channel ͑TDCC͒ method ͓1͔ has been developed for Coulomb three-body systems, where a wave packet propagates in space and time. In this method, plenty of open and closed channels are automatically incorporated by numerically describing the radial wave functions without introducing overcomplete basis functions for the total wave function. Because of this advantage, the TDCC method has been successfully applied to many atomic processes: electron-impact excitation and ionization ͓2,3͔, autoionization ͓4͔, photoionization ͓5͔, dielectronic capture ͓6͔, rearrangement ͓7-9͔, and positron annihilation ͓10͔. Integral cross sections are obtained for these inelastic processes by projecting the total wave packet onto bound states after the collision. However, this procedure is not adapted for calculations of differential cross sections, which needs phase shifts. Due to this reason, the TDCC method has not been applied to elastic scatterings, to our knowledge.
Positron scattering by hydrogenlike atoms, which is one of the simplest Coulomb three-body problems, provides a testing ground for theoretical methods used to study complex many-body problems. In the past decades, nonperturbed methods, the close-coupling ͓11͔, the R-matrix ͓12͔, the moment T-matrix ͓13͔, variational ͓14,15͔, and the convergent close-coupling ͓16͔ methods were developed to study positron scattering by hydrogen atoms, e.g., elastic scattering, excitation and ionization of atoms, and positronium ͑Ps͒ formation. However, some of those methods employ overcomplete expansion of total wave functions to incorporate a rearrangement channel, i.e., Ps channel. This treatment would cause pseudostructures, furthermore, pseudoresonances, in scattering cross sections. Therefore, the TDCC method is expected to be promising to treat positron scattering systems.
The positron-helium ion system is relatively simple, compared with the positron-hydrogen atom system, because of the different energy scales of the helium ion and Ps. In spite of this fact, in a variational calculation of eigenenergies with a stabilization method, Bhatia and Drachman ͓17͔ predicted that the system has two low-lying S-wave resonances with a broad width produced against the Coulomb repulsion between the positron and the helium ion. Their prediction was subsequently confirmed by Ho ͓18͔, and Ho and Yan ͓19͔ in a variational calculation of complex eigenenergies with a complex-coordinate rotation method; the position E r and the width ⌫ were precisely determined to be (E r ,⌫/2) ϭ(Ϫ10.082,1.761) and (Ϫ5.050,0.535) in eV. On the other hand, however, in a scattering calculation with a hyperspherical close-coupling method, Igarashi and Shimamura ͓20͔ raised an objection against existence of the broad resonances and instead reported narrow resonances supported by polarization force between the Ps and the helium nucleus. In a subsequent calculation with a close-coupling method, Bransden, Noble, and Whitehead ͓21͔ found no resonance. However, in a recent variational calculation with a coupledrearrangement-channel method in which the complexcoordinate rotation method is incorporated, Toya ͓22͔ reproduced all resonances predicted partially by Bhatia and Drachman ͓17͔ and Igarashi and Shimamura ͓20͔. The existence of the broad resonances are still controversial.
In the present paper, we study elastic scattering of positrons by hydrogen atoms and helium ions using the TDCC method. Numerical accuracy of the TDCC method is confirmed in calculations for hydrogen atoms; S-, P-, and D-wave phase shifts are calculated with the time-energy Fourier transform of a wave packet. For elastic scattering by helium ions, we calculate S-wave phase shift to search the broad resonances.
In the present paper, atomic units ͑a.u.͒ eϭmϭបϭ1 are used unless otherwise stated.
II. TDCC METHOD FOR ELASTIC SCATTERING
The elastic-scattering cross section for the Jth partial wave is expressed with the S-matrix element as *Electronic address: yam@postman.riken.go.jp
where S ii (E)ϭe 2i␦ ii with the elastic phase shift ␦ ii and the total energy E. The S-matrix element is expressed as
in terms of the energy-normalized scattering wave functions i ϩ (E) and f Ϫ (EЈ) for incoming and outgoing asymptotic boundary conditions, where i and f denote the initial and final channels. The wave packet i and f are constructed from i ϩ (E) and f Ϫ (EЈ); for the incoming wave packet,
where
range. Since Eq. ͑3͒ can be inverted as i ϩ (E)
where the energy-time Fourier transform for Green's function G ϩ (E) and the correlation function C f i (t)
ϪiĤ t ͉ i ͘ϭ͗ f ͉(t)͘ are used in the second line.
The three-body system of an electron, a positron, and a nucleus ͑a proton or a helium nucleus͒ are described by the Hamiltonian for relative motions given by
with the kinetic-energy operator
and the interaction operator
where Z is the nuclear charge, R and r the position vectors, respectively, of the positron and the electron from the nucleus, and P and p the conjugate momentum operators of R and r, respectively. The total wave function with the total angular momentum J is expanded as
over the angular-momentum eigenfunction
where L and l are the angular momenta associated with R and r, respectively, Y lm the spherical harmonics, and C LM ,lm JM J the Clebsch-Gordan coefficient. The TDCC equation for the radial part of the wave function is derived to be
We introduce a variable transform technique ͓9,24͔ to accurately describe wave functions. The radial coordinates R and r are nonlinearly scaled by variables X and x,
with appropriate functions F and f. Accordingly, the radial wave function is transformed into
and, at the same time, the differential operators of Eq. ͑11͒ as
III. NUMERICAL METHOD
The radial wave function is numerically described over N 2 ϭ600 2 or 800 2 grid points in the two-dimensional (X,x) plane. The grid points are uniformly taken up to X max ϭx max ϭ16 or 20 with spacings of ⌬Xϭ⌬xϭX max /N, where denotes de Broglie wavelength of an incident positron. The scaling functions are given by
where the parameters are taken as
aϭ͑1Ϫ⌬r/⌬x ͒exp͑ b⌬x ͒, bϭ2/x max , and ⌬Rϭ⌬rϭ0.1/Z.
The grid points in the (R,r) plane are dense in a collision region while sparse in an asymptotic region. With these scaling functions, an accuracy better than 0.1% is obtained for the energy eigenvalue of the ground-state hydrogen atom ͓9͔. The initial condition for the TDCC equation ͑10͒ is set as
͑19͒
with the ground-state wave function 1s (r) of the target hydrogen atom or helium ion and an incoming wave packet of the positron,
where k is a wave number of the incident positron and w is a width of the wave packet. The incoming wave function kL (R) is taken to be an asymptotic form of the spherical Hankel function for a neutral target or of the Coulomb function ͓25͔ for a charged target. The parameters are taken as R 0 ϭF͓Xϭ(3/4)X max ͔ and wϭ1.5. The time evolution is traced for a time t max ӷ2R 0 /k. An absorption potential ͓26͔ is put at the boundary XϭX max to not induce artificial reflection of the wave. The TDCC equation ͑10͒ is fast and stably solved with the split-operator method developed in Ref. ͓8͔. The expansion in Eq. ͑8͒ is truncated by the upper limit l max of the electron angular momentum l; for a given l, the positron angular momentum L takes all possible values that satisfy the conservation of angular momentum ͉JϪl͉рLрJ ϩl and parity ⌸ϭ(Ϫ1)
Lϩl ϭ(Ϫ1) J . The S-matrix element of elastic scattering is obtained by taking f to be a delta function ␦(RϪR ϱ ) times an outgoing asymptotic radial function kL (R) 1s (r) as
͑21͒
where R ϱ is a fixed radial coordinate in the asymptotic region. Equation ͑21͒ is very useful, because the matrix element can be calculated for several scattering energies provided by a i (E) from one wave-packet propagation.
IV. RESULTS AND DISCUSSION

A. Positron scattering by hydrogen atoms
We check convergences of S-, P-, and D-wave elastic cross sections for hydrogen atom targets with respect to l max in the wave-function expansion ͑8͒. Table I shows that cross sections sufficiently converge for high energy, but convergence becomes slow for low energy; the change of values of FIG. 2. P-wave cross section for positron-hydrogen elastic scattering. The notation is the same as in Fig. 1. cross sections from l max ϭ7 -9 is 11% at 1 eV for the S wave and 4% below 5 eV for the P and D waves. The uncertainty coming from number and spacing of grid points is sufficiently small. Therefore, the numerical accuracy of the calculation is estimated to be better than several percents except for 1 eV for the S wave. Figures 1-3 show S-, P-, and D-wave elastic cross sections, respectively. For the S wave, the present result is in excellent agreement with previous results obtained with the close-coupling ͓11͔, the R-matrix ͓12͔, the moment T-matrix ͓13͔, a variational ͓14͔, and the Harris-Nesbet variational ͓15͔ methods. The Ramsauer-Townsend minimum at 5 eV is accurately reproduced in the present calculation. For the P wave, the present result is in good agreement with the previous results above 10 eV, but slightly deviates, about 5% smaller, around 5 eV where the cross section has a maximum. This underestimation is considered to come from the slow convergence of the cross section with respect to l max . The present calculation reproduces a cusp structure at the Ps formation threshold ͑6.8 eV͒ confirmed in some of the previous calculations. For the D wave, the present result is in good agreement with previous results at energies higher than 15 eV. Around 10 eV, where the cross section has a maximum, the present result agrees well with the result of a variational calculation ͓14͔, but deviates from other results: about 15% larger than the intermediate energy R-matrix calculation ͓12͔ and 15% smaller than the close-coupling ͓11͔, the moment T-matrix ͓13͔, and the Harris-Nesbet ͓15͔ calculations. Figure 4 shows the comparison of elastic phase shifts with the previous results ͓12-15͔ below the Ps-formation threshold. For the S wave, the present result is in excellent agreement with the previous results similar to the agreement in cross sections ͑see Fig. 1͒ . However, for the P and D waves, the present results somewhat deviate, about 3% lower, from the previous results. This small deviation may indicate that in the present calculation attractive polarization force is not sufficiently incorporated, i.e., the completeness of the wavefunction expansion is not sufficient in comparison with previous calculations. Thus, the deviation is expected to be improved by taking a larger value of l max .
Figures 5 and 6 show the real and imaginary parts of elastic phase shifts. The real part of the S-wave phase shift monotonically decreases as the energy increases and becomes negative at energies higher than 5 eV. The negative phase shift indicates that the interaction between the positron and the hydrogen atom is dominated by the static Coulomb repulsion. The imaginary part monotonically increases as the energy increases from the Ps-formation threshold. For P and D waves, the real parts of the phase shifts have a maximum around 10 eV and become positive at energies lower than about 35 eV. In this energy region, the interaction between the positron and the hydrogen atom is dominated by an attractive force coming from target polarization. Figure 7 shows S-wave elastic phase shifts for helium ion targets; the present result has been given at positron energies of every 1 eV from 13 eV to 52 eV. Although the phase shift is one order of magnitude smaller than that for hydrogen atom targets, the present result is in excellent agreement with previous results obtained with the 29-state close-coupling method ͓21͔ and the Harris-Nesbet variational method ͓27͔. This agreement indicates high numerical accuracy of the TDCC method. However, the Harris method ͓28͔ gives good agreement at energies higher than 25 eV, but lower values of phase shifts at energies lower than 25 eV. The polarizedorbital approximation ͓29͔ gives lower values at energies higher than 10 eV. The result of the hyperspherical closecoupling method by Igarashi and Shimamura ͓20͔ significantly deviates from the present result; in the cross section, their results at 47.62 eV and 52.57 eV are about factor of 2.5 larger than the present result. This overestimation has been also pointed out by Bransden, Noble, and Whitehead ͓21͔.
B. Positron scattering by helium ions
The S-wave phase shift monotonically decreases as the energy increases around the energy position of the two broad resonances, 44.34 eV and 49.37 eV, predicted by Bhatia and Drachman ͓17͔ and confirmed by Ho ͓18͔, Ho and Yan ͓19͔, and Toya ͓22͔; the positions are relative to the ground-state energy of helium ions. The phase shift should rise suddenly around the energy position of the resonances. However, no rise of the phase shift is seen in Fig. 7 . Moreover, the interaction between the positron and the helium ion turns out to be repulsive in view of negative values of the phase shift. Therefore, the broad resonances are not discernible in elastic scattering of positrons by ground-state helium ions.
V. SUMMARY
We have applied the TDCC method to elastic scattering of positrons by ground-state hydrogen atoms and helium ions. In the scattering by hydrogen atom, the present result for the partial cross section and the phase shift exhibits excellent agreement with previous results for the S wave, and good agreement for the P and D waves. In the scattering by helium ion, we have searched the S-wave phase shift for broad resonances predicted, but found no behavior suggesting them.
